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Abstract
A new cycle model of a two-stage combined semiconductor thermoelectric
device that is used as a heat pump is established. The influence of Joule
heating due to the electric current and heat leak due to the temperature
difference between the hot and the cold junctions on the performance of the
system is investigated. The general expressions of three important
performance parameters, the coefficient of performance (COP), the rate of
heat pumping and the power input, are derived. The maximum COP and the
corresponding parameters are calculated. The internal structure parameter
of the thermoelectric device is optimized. The reasonable range of the
electric current is determined. The results obtained here are compared with
those of a single-stage semiconductor thermoelectric heat pump. The
advantages of two-stage combined thermoelectric heat pumps are
expounded. Moreover, it is shown that when the range of the temperatures
between the heated space and the low-temperature heat reservoir is large, a
single-stage thermoelectric heat pump will lose its function, so a two-stage
combined thermoelectric heat pump must be used.
Nomenclature
A Seebeck coefficient of a pair of semiconductor
elements (m2)
I electric current (A)
j dimensionless electric current
j (xmin) dimensionless electric current at minimum x
K thermal conductance of a pair of semiconductor
elements (W K−1)
M total number of semiconductor pairs
m, n numbers of semiconductor pairs in the first and
second stage
P power input (W)
p dimensionless power input of a pair of
semiconductor elements
Q heat flow (W)
q dimensionless heat flow
T temperature (K)
x internal structure parameter
Z figure of merit of the device (K−1)
Greek letters
π dimensionless rate of heat pumping of a pair of
semiconductor elements
θ temperature ratio
ψ coefficient of performance (COP)
Subscripts
c low-temperature heat reservoir
h high-temperature heated space




Freon is usually used as the conventional working substance
of heat pumps; however, it is environmentally damaging [1].
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Since the early 1970s, many researchers have been searching
for more environment-friendly working substances and new
advanced cycle modes [2, 3]. Thermoelectric heat pumps
use no environmentally sensitive materials and, consequently,
have received increasing attention in recent years [4–6].
Thermoelectric heat pumps are expected to play a very
important role in air conditioning processes in the near future
[7]. The simplest mode of thermoelectric heat pumps is to
use a single-stage thermoelectric device. However, a single-
stage thermoelectric heat pump can only be operated in a
small temperature range. When the range of the temperatures
between the heated space and the low-temperature heat
reservoir is large, a single-stage thermoelectric heat pump will
lose its function. An improvement for the performance of
thermoelectric heat pumps can be expected if two- or multi-
stage combined thermoelectric heat pumps are used so that the
temperature difference on each stage is only a fraction of the
total temperature difference [8]. Thus, it is necessary to study
deeply the performance of a two-stage thermoelectric heat
pump. In this paper, we establish a cycle model of a two-stage
combined semiconductor thermoelectric device used as a heat
pump system. The coefficient of performance (COP) of the
system is taken as an objective function for optimization. The
maximum COP and the corresponding important parameters
are calculated. The optimum design and operation of the
system are discussed in detail.
2. A single-stage thermoelectric heat pump system
A simple thermoelectric heat pump system [4, 5] consists
of a single-stage thermoelectric device, which is composed
of a large number of P- and N-type semiconductor elements
connected electrically in series and thermally in parallel. The
system is operated between the heat reservoirs at temperatures
Th and Tc. The thermoelectric device is insulated, both
electrically and thermally, from its surroundings except at the
junction–reservoir contacts. When the electric current I flows
through the thermoelectric device, the heat flows MAITc and
MAITh are absorbed from the low-temperature heat reservoir
and released to the high-temperature heated space by the
thermoelectric device, due to the Peltier effect, where M is
the pair number of P- and N-type semiconductor elements
and A is the Seebeck coefficient of a pair of semiconductor
elements. At the same time, three additional effects exist in the
thermoelectric device: Joule heating due to the electric current,
heat leak due to the temperature difference between the low-
temperature heat reservoir and high-temperature heated space,
and Thompson heat due to both the temperature gradient in
the semiconductor elements and the electric current. The
influence of Thompson heat in a thermoelectric device on
the performance of the device is small and negligible [9, 10]
compared with that of the heat caused by the other effects.
If Thompson heat in the thermoelectric device is taken into
account, there may not be a substantial influence for the
problem under investigation, but the problem will become
more complicated so that some analytic solutions are derived
with difficulty. For the sake of convenience and simplicity,
it is assumed [9, 10] that the influence of Thompson heat is
ignored in this paper. In general, the Seebeck coefficient A
not only depends on the property of semiconductor elements
but also is a function of temperature [11]. For the purpose
of analysis, it is assumed here that A may be approximately
considered as a constant, which may be equal to the average
value of commercially available thermoelectric materials
from MELCOR, USA [9]3. According to the theory of non-
equilibrium thermodynamics, one has [4, 5]
Qh = MAIT h + 12I 2MR − MK(Th − Tc), (1)
Qc = MAITc − 12I 2MR − MK(Th − Tc), (2)
where K and R are the thermal conductance and the electrical
resistance of a pair of semiconductor elements, and Qh and Qc
are the rates of heat rejection and input from the device to the
high-temperature heated space and from the low-temperature
heat reservoir to the device, respectively.
Using equations (1) and (2) and the definition of the figure
of merit Z = A2/(RK) of semiconductor elements, we can
calculate that the COP and the dimensionless rate of heat
pumping and power input of a pair of semiconductor elements
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j 2 + (1 − θ), (4)
p = P
MKTc
= Qh − Qc
MKTc
= (θ − 1)j + 1
ZTc
j 2, (5)
where j = AI/K , θ = Th/Tc, and P = Qh − Qc is the power
input of the heat pump. When ψ = 1, we obtain
j = ZTc[1 −
√
1 − 2(θ − 1)/(ZTc)] ≡ jmin,
j = ZTc[1 +
√
1 − 2(θ − 1)/(ZTc)] ≡ jmax (6)
from equation (3). For a practical heat pump, ψ > 1 must be
satisfied. It is obvious that only if the dimensionless electric
current of a single-stage thermoelectric heat pump lies in the
region between jmin and jmax, i.e., jmin < j < jmax, and the
range of the temperatures of the heated space and the low-
temperature heat reservoir satisfies the following condition,
θ < 1 + ZTc/2, can a single-stage thermoelectric heat pump
work normally.
3. A two-stage combined thermoelectric heat pump
system
The above results show that when the range of the
temperatures of the heated space and the low-temperature heat
reservoir is large, one has to apply a multi-stage combined
thermoelectric device used as a heat pump. Figure 1 shows
a schematic diagram of a two-stage combined semiconductor
thermoelectric heat pump system. This cycle model is simple,
but it is of real significance and consequently has been adopted
in the investigation of a two-stage thermoelectric cooler [9].
For the sake of convenient comparison, it is assumed that
the P- and N-type semiconductor elements and the total pair
number M in the system are the same as those in a single-stage
3 From http://www. melcor.come, homepage of MELCOR, USA.
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Figure 1. A schematic diagram of a two-stage combined
semiconductor thermoelectric heat pump.
thermoelectric heat pump system. When the electric current
I flows through each element in the system, one obtains the
heat balance equations as [9]
Qh = AmITh + 12I 2mR − mK(Th − Tm), (7)
Qm = AmITm − 12I 2mR − mK(Th − Tm), (8)
Qm = AnITm + 12I 2nR − nK(Tm − Tc), (9)
Qc = AnITc − 12I 2nR − nK(Tm − Tc), (10)
where m + n = M , m and n are the pair numbers of P- and
N-type semiconductor elements in the first and second stage,
Qm is the heat flow between the two stages in the system,
and Tm is the temperature of the junction between the two
stages. Four algebraic equations given above are simple, but
they can be used to reveal the performance characteristics of
a two-stage thermoelectric heat pump. In fact, they have been
used to optimize the performance of a two-stage thermoelectric
cooler and some significant results have been obtained [9].
Eliminating Tm in equations (7)–(10) gives















[(m − n)j + (m + n)],
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[(m − n)j + (m + n)],
(12)
where qh = Qh/(KTh) and qc = Qc/(KTc). In the design
of a two-stage combined thermoelectric heat pump, one must
optimize the internal structure of the thermoelectric device.
For this end, we introduce a parameter relative to the internal
structure of the thermoelectric device: x = m/n. It should
be pointed out that m and n are two positive integers, but x is
not required to be an integer. In the real design of a two-stage
thermoelectric heat pump, one can easily determine the values
of two integers m and n according to the optimal value of the
internal structure parameter x. An example will be given in
the following section.
From equations (11) and (12), one can obtain the COP
and the dimensionless rate of heat pumping and power input
of a pair of semiconductor elements as
ψ = 1 + a1x + a2
b1x2 + b2x + b3
= 1 + c1j
3 + c2j 2 + c3j + c4













j 2(1 + x)/(2ZTc) + xθ + 1
1 + x + (x − 1)j , (14)





j 2 − xθ + 1
1 + x
+
j 2(1 + x)/(2ZTc) + xθ + 1
1 + x + (x − 1)j , (15)
where a1 = (j + 1)2 − j 2(1 + j/2)/(ZTc) − θ , a2 =
(1 + j)(1 − j) + j 2(j/2 − 1)/(ZTc) − 1, b1 = [j/(2ZTc) +
θ + 1/(ZTc)]j 2, b2 = [2j/(ZTc) + 2(θ − 1) − j − jθ]j ,
b3 = [1 + 1/(ZTc) − j/(2ZTc)]j 2, c1 = (1 − x)/(2ZTc),
c2 = x − x/(ZTc) − 1 − 1/(ZTc), c3 = 2x, c4 = (1 − θ)x,
d1 = (x2 −1)/(2ZTc), d2 = (x −1)(θx −1)+ (x + 1)2/(ZTc)
and d3 = 2x(θ − 1),
4. Performance characteristics at maximum COP
In order to obtain the maximum COP, one must choose
reasonably the internal structure parameter x of the
thermoelectric device and the electric current. This is one of
the most important tasks in the optimal design of a two-stage






and equation (13), we can prove that when
x = (F − a2)/a1 (17)
(c1d2 − c2d1)j 4 + 2(c1d3 − c3d1)j 3
− 3c4d1j 2 − 2c4d2j − c4d3 = 0, (18)
the COP attains its maximum, where F =√
a22 + (a1b3 − a2b2)a1/b1 . From equations (17) and
(18), one can determine the optimal values of the internal
structure parameter x of the thermoelectric device and the
dimensionless electric current j at the maximum COP. For a
given M , the optimal values of the parameters m and n can be
determined as long as the optimal value of x is obtained.
It is well known that all materials used in present
thermoelectric devices are heavily doped semiconductors.
Their physical features are illustrated by the figure of merit.
The larger the figure of merit is, the better the performance
of thermoelectric devices. Although many materials have
been investigated in the last decades, the best materials
available today for thermoelectric devices that operate at room
temperature have a ZTc of about 1 [6, 12]. Thus, using the
above equations and choosing ZTc = 1, we can discuss the
optimal performance of a two-stage combined semiconductor
thermoelectric heat pump system.
For some given values of θ , equation (17) can be used to
generate the x–j curves, as shown in figure 2. It is seen from
the curves in figure 2 that x is not a monotonic function of j .
When j < jmin or j > jmax, x < 0, where the values of jmin
and jmax are listed in table 1. For a practical thermoelectric
heat pump, the internal structure parameter x is always larger
than 0. Thus, the regions of j < jmin and j > jmax are not
suitable for a thermoelectric heat pump. It is also seen from
19
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Figure 2. The internal structure parameter x versus dimensionless
electric current j for an optimized two-stage thermoelectric heat
pump system. Curves are presented for ZTc = 1 and some given
values of θ .
Table 1. The values of the dimensionless electric current j and the
internal structure parameter x for some special cases.
θ jmin jmax j (xmin) xmin
1.1 0.005 03 1.975 0.127 1.242
1.2 0.100 1.948 0.243 1.500
1.3 0.151 1.920 0.351 1.784
1.4 0.221 1.891 0.449 2.101
1.5 0.254 1.861 0.540 2.465
the curves in figure 2 that when jmin < j < jmax, x > 0. For a
given θ , there is a minimum value for x, i.e., xmin. The value
of xmin increases with the increase of θ . The values of xmin
and the corresponding dimensionless electric currents are also
listed in table 1.
Substituting equation (17) into equations (13)–(15), we
obtain
ψ = 1 + F
2b1(a2/a1)2 + 2b3 − 2a2b2/a1 + (b2 − 2a2b1)F/a1 ,
(19)
π = F − a2





j 2 − θ
+
F + a1 − a2
2ZTc
j 2 + (F − a2)θ + a1
F + a1 − a2 + (F − a1 − a2)j
]
, (20)
p = (F − a2)θ − a1




− (F − a2)θ + a1
F + a1 − a2 +
F + a1 − a2
2ZTc
j 2 + (F − a2)θ + a1
F + a1 − a2 + (F − a1 − a2)j . (21)
Using equations (3)–(5) and (19)–(21), we can plot the ψ–j
and ψ–π curves, as shown in figures 3 and 4, respectively.
In these figures, the solid and dash-dot lines correspond to
the cases of a two-stage and a single-stage thermoelectric heat
pump system, respectively. When θ = 1.5, the COP of a
single-stage thermoelectric heat pump system is smaller than
or equal to 1, so that the ψ–j and ψ–π curves do not appear
in these figures. This shows clearly that when the range of
the temperatures of the heated space and the low-temperature
heat reservoir is large, a single-stage thermoelectric heat pump
















Figure 3. The COP ψ versus dimensionless electric current j. The
values of ZTc and θ are the same as those used in figure 2. The solid
and dash-dot lines are presented for a two-stage and a single-stage
thermoelectric heat pump system, respectively.













Figure 4. The COP ψ versus dimensionless rate of heat pumping π .
The values of ZTc and θ are the same as those used in figure 2. The
solid and dash-dot lines are presented for a two-stage and a
single-stage thermoelectric heat pump system, respectively.
Table 2. The maximum COP and the corresponding parameters.
θ ψmax jm(ψmax) xm πm pm
1.1 2.395 0.116 1.243 0.0461 0.0192
1.2 1.567 0.223 1.504 0.113 0.0723
1.3 1.304 0.323 1.789 0.200 0.153
1.4 1.183 0.416 2.109 0.306 0.259
1.5 1.116 0.503 2.475 0.429 0.385
The curves in figure 3 show clearly that when ψ = 1,
j = jmin or j = jmax. It may be proved by using numerical
calculation that for a two-stage combined thermoelectric heat
pump, the values of jmin and jmax at ψ = 1 are identical with
those of jmin and jmax at x = 0, which have been listed in
table 1.
The curves in figures 3 and 4 also show that for a given θ ,
there is a maximum value for the COP of a thermoelectric heat
pump system. The maximum COP decreases with the increase
of θ . Table 2 gives the maximum COP and the corresponding
parameters, which may provide some references for the
reasonable choice of several important parameters of two-
stage thermoelectric heat pumps. Comparing the data in
table 2 with those in table 1, one can find without difficulty that
the internal structure parameter xm at the maximum COP is
quite approximate to xmin. This implies the fact that xmin is an
important parameter for the optimal design of thermoelectric
20
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heat pump systems. Thus, in the real design of a two-stage
thermoelectric heat pump, one should choose different values
of the internal structure parameter x for different working
conditions.
It is seen from the curves in figure 4 that when ψ <
ψmax, there are two corresponding dimensionless rates of heat
pumping for a given COP, where one is smaller than πm and
the other is larger than πm. For a practical heat pump, one
always hopes to obtain the rate of heat pumping as large as
possible. Thus, a thermoelectric heat pump system should be
operated in the following region:
π  πm or j  jm. (22)
Obviously, equation (22) may provide an important criterion
for distinguishing whether a two-stage thermoelectric heat
pump is operated in the optimal states. It should be pointed
out that the thermoelectric heat pump system should be, in
principle, operated in the region near the maximum COP,
because the COP decreases quickly with the increase of the
rate of heat pumping. When the rate of heat pumping is far
away from πm, the COP approaches to 1, and, consequently,
the thermoelectric heat pump cannot play its real function.
According to equation (22), one can obtain another important
criterion
x  xm, (23)
which may provide some theoretical instruction for the optimal
design of two-stage combined thermoelectric heat pump
systems. As described above, the thermoelectric heat pump
system should be operated in the region near the maximum
COP. Thus, x cannot be chosen to be much larger than xm
and should be chosen in the region near xm in the design
of a two-stage combined thermoelectric heat pump system.
For example, when a two-stage combined thermoelectric heat
pump is operated in the case of θ = 1.5, one can find
xm = 2.475 from table 2 and calculate easily that when
M = 200, m = 142.4 and n = 57.6. In thermoelectric
heat pump systems, m and n should be integers. According to
equation (23), we should choose that m = 143 or other integers
which are a little larger than 143 and n = 57 or other integers
which are a little less than 57 in the optimal design of a two-
stage combined thermoelectric heat pump system.
It is also seen from the curves in figures 3 and 4 that the
maximum COP of a two-stage combined thermoelectric heat
pump is always larger than that of a single-stage thermoelectric
heat pump operating in the same temperature range and
the difference between them increases with the increase of
θ . For example, when θ = 1.1, the maximum COPs of
two heat pump systems are, respectively, 2.395 and 2.364,
and the difference is only 0.031. This shows that when
the temperature difference between two heat reservoirs is
small, the improvement of the COP is too small to justify the
added cost of a two-stage thermoelectric heat pump. When
θ = 1.5, the maximum COPs of two heat pump systems
are, respectively, 1.116 and 1, and the difference is 0.116.
This shows that when the temperature difference between
two heat reservoirs is large, the improvement of the COP
for a two-stage thermoelectric heat pump is significant.
It is more important that in such a case, a single-stage
thermoelectric heat pump has lost its function, so that one
has to use a two-stage combined thermoelectric heat pump.
Recently, scientists at the Research Triangle Institute reported
a significant enhancement of ZTc to about 3 at 300 K
using a Bi2Te3/Sb2Te3 super-lattice structure in which the
current flows perpendicularly to the layers [12]. With the
improvement of the figure of merit, it can be expected that
there will be a large development for the practical applications
of two-stage thermoelectric heat pumps in the future and
the results obtained here will be helpful for understanding
deeply the optimal performance of two-stage thermoelectric
heat pumps.
5. Conclusions
We have established a new cycle model of a two-stage
combined thermoelectric heat pump system and calculated the
maximum COP and the corresponding important parameters.
Some important performance bounds of thermoelectric heat
pump systems are obtained. For example, ψmax gives
the upper bound of the COP, and πm and jm determine,
respectively, the allowable values of the lower bounds of
the dimensionless rate of heat pumping and dimensionless
electric current. Comparing the performances of two-stage
and single-stage thermoelectric heat pump systems, one
can come to the conclusion that when the range of the
temperatures of the heated space and the heat sink is large, two-
stage thermoelectric heat pump systems have to be applied.
Moreover, it is found that the minimum value, xmin, of the
internal structure parameter of the thermoelectric device in the
reasonable region is quite approximate to the internal structure
parameter, xm, at the maximum COP, and the criteria given by
equations (22) and (23) may provide a theoretical basis for
the optimal design and operation of thermoelectric heat pump
systems.
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